Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) examples presented in this paper demonstrate that such hypoid gear can be designed and reveal some advantages of these gears in comparison with face gears with regard to the tooth flank error caused by assembly error. 
Design procedures 2.1 Definition of planar surface of action
The design flow for the proposed hypoid gear that meshes in the plane of action is shown in Fig. 1 (Honda, 2016b) . The locations of the two rotational axes of the pinion and gear, the shaft angle Σ, and the pinion offset E can be used to obtain the coordinate systems C s (u c , v c , z c ), C 1 (u 1c , v 1c , z 1c ), and C 2 (u 2c , v 2c , z 2c ) as shown in Fig. 2 (Honda, 2016a) . The axes z 1c and z 2c of the coordinate system C 1 and C 2 are defined as the rotational axes of the pinion and the gear as shown in Fig. 2 . These rotational axes are in the same directions of the angular velocity of the pinion 1 ����⃗ and that of the gear 2 �����⃗. The coordinate systems C 1 and C 2 have the common vertical axes v 1c and v 2c which are defined as the direction of the exterior product 2 �����⃗ × 1 ����⃗. The axes u 1c and u 2c are set perpendicular to the axes z 1c and v 1c , and the Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) axes z 2c and v 2c , respectively. The coordinate system C S has the common vertical axis v c with v 1c and v 2c . The axis z c of the coordinate system C S is in the direction of relative angular velocity ����⃗ = 1 ����⃗ − 2 �����⃗ as shown in Fig. 2(a) . The axis u c is set perpendicular to the axis z c and v c .
The design point P 0 (u c0 , v c0 , z c0 ), one of the contact points on the coordinate system C s , is defined as 
where 
ϕ 0 is the inclination angle of the path of contact g 0 , R 20 is the radius of the design point P 0 , and Γ s is the angle between the axes z c and z 2c . The angle Γ s shown in Fig. 2 (a) corresponds to the direction of the relative angular velocity of ����⃗ = 1 ����⃗ − 2 �����⃗. The pinion offset E, the length v cs1 , v cs2 from the origin of C s at the origin of C 1 and C 2 are defined in Fig. 2(b) . The overview of three coordinate systems is illustrated in Fig. 2(c) . The paths of contact g 0D and g 0C of the drive and coast sides are located to pass through P 0 in the direction of the normal, which are defined in the coordinate system C s by the pair of inclination angles (φ n0D , ϕ 0 ) for drive side and (φ n0C , ϕ 0 ) for coast side (Honda, 2016b) . The inclination angles mean the pressure angles φ n0D , φ n0C and the helix angle ϕ 0 in the general design theory. The directions of the paths of contact are described in Fig. 3 , where v c = 0, u c = u c0 , and z c = z c0 are defined as the plane S H , S p , and S S . The plane S n is defined including paths of contact g 0D and g 0C with
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Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) inclination angle ϕ 0 from the plane S s . The inclination angle φ n0D and φ n0C are the angle from the intersection of the plane S n and S p to the paths of contact g 0D and g 0C on the plane S n . Fig. 3 Definitions of the directions for the paths of contact g 0D and g 0C .
( ) 
where q 1 is the rotational angle of the pinion; z Cq is the additional parameter to express the plane; R b10 is the base circle radius of the pinion; and ϕ b10 is the normal direction of the pinion. Equation (2) for the gear is derived by replacing parameters q 1 ,R b10 and ϕ b10 with the rotational angle of the gear q 2 , the base circle radius of the gear R b20 and the normal direction of the gear ϕ b20 . Note that Eq. (2) 
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where some parameters in the Eqs. (2) - (4) are defined in the following equations: 
Some more detailed expression of the Eqs. (2) - (7) are described in the published article (Honda, 2016b) .
Conjugate tooth surfaces
The tooth surfaces of the hypoid gears can be determined by transforming their planes of action into the rotating coordinate systems fixed to each gear (Honda, 2016b) . The transformation into the coordinate system C r1 (u r1c , v r1c , z r1c ) yields the conjugate tooth surface of the pinion as 
The coordinate system C r1 rotates with the pinion and has the same origin as C 1 . In the same manner, the rotating coordinate system C r2 (u r2c , v r2c , z r2c ), which is fixed to the gear, yields the conjugate tooth surface of the gear as Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) 2  2  2  2 0  2  2  2 0   2  2  2  2  20  2  2  20   2  20  2   2  2  2  2  2  2  2  2   2  2  2  2  2  2  2  2   2  2  2  2   ,  ,  cos  ,  sin   ,  ,  sin  ,  cos   ,  ,  cos  , 
Boundaries of tooth surface
The equivalent rack shown in Fig. 4 shows the definition of the profile of the tooth (Honda, 2016b) . The rack is defined on the plane S n in Fig. 3 with the paths of contact g 0D and g 0C . The profiles of the pinion and gear are given by ( ) Pitch cone
Tip cone Root cone 6 where t cn is the top land; c r is the clearance; and A d2 is the gear addendum, which are given as input parameters. The subscripts D with p g0 , R b20 and ϕ b20 indicate the dimensions for drive side which are obtained by Eq. (6) with a substitution of φ n0 = φ n0D .
The pitch cone angle Γ gw of the gear is equal to Γ s , and that of the pinion is γ pw = p/2 -Γ s as shown in Fig. 5 ( Honda, 2016b) . The tip and root cones can be selected to optimize each top land of the pinion and gear. The cone angles of the tip and root are selected to be equal to the pitch cone angle as shown in Fig. 5 ; that is, a parallel-depth tooth system is employed.
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Estimation of tooth flank error by misalignment
The types of misalignment illustrated in Fig. 6 can be converted to tooth flank error δLm as 
where ∆E, ∆P, and ∆G are misalignments caused by translational assembly errors in the direction of the pinion offset, pinion axis, and gear axis, respectively; ∆Σ and ∆s are misalignments caused by rotational assembly errors about the v 2 -and u 2 -axes, respectively; and ϕ b20 and c 20 are the normal directions of the gear tooth expressed by Eq. (6) in the coordinate system C 2 (Honda, 2016c) . Equation (12) transforms each movement of the contact point into the tooth flank error in the direction of the tooth normal. Table 2 gives the input parameters of the proposed hypoid gear. The proposed hypoid gear is compared with a face gear developed in a previous study (Honda, 2016d) (Aiki et.al, 2017) . The gear dimensions of face gear are used in common with Table 2 except that Γ gw = 90.0, γ pw = 0, 2R 1h = 17.2, and tooth depth of both gears = 2.1. Figure 7 shows the planes of action S wD and S wC . The above procedure can be used to consecutively determine the design point P 0 , the paths of contact g 0D and g 0C , and the planes of action. Both sides of the planes of action intersect at the pitch line element, on which all contact points have a constant relative velocity. The other paths of contact that do not pass through P 0 are also on the planes of action. All of the contact points satisfy the requirement for contact. Namely, the normal is perpendicular to relative velocity. gears.
Design example

Planar surface of action
Conventional face and hypoid gears generally have curved surfaces of action, not planar surfaces of action. Figure 8 shows the difference between the surface of action of the face and proposed hypoid gears. The face gear meshes on the curved surface of action. The normal direction is not constant along the surface of action of the face gear, whereas that of the proposed hypoid gear is constant as shown in Fig. 9 . This feature would likely provide the advantage of low vibration because the direction of the mesh force is constant at all of the contact point, as with cylindrical involute gears. 
Conjugate Tooth Surface
The plane of action S wD can be converted to the conjugate tooth surface of gear using Eq. (9), as shown in Fig. 10 . The intersection between S wD and the tooth surface is a line of contact with a certain rotational angle. The coast side is defined using the same method. The conjugate tooth surface of the pinion is also determined by Eq. (8). Figure 11 shows a schematic of the proposed hypoid gear. The top land of the pinion decreases from the toe to the heel because of the use of parallel-depth teeth in the design. The tooth profiles of the pinion and gear in a cross section taken perpendicular to the pinion axis are shown in Fig. 12 . The profile of the pinion is similar to that of an involute pinion of the face gear, and the gear has a nearly straight profile similar to that of a rack gear. Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) Systems, and Manufacturing, Vol.11, No.6 (2017) 
Line of contact
The proposed hypoid gear meshes in the plane of action. Thus, the lines of contact are straight, as shown in Fig. 13 . The normal direction to the line of contact at each contact point, which is defined as the direction of the path of contact, is the same for all contact points.
In contrast, the lines of contact of a conventional face gear are curved. Thus, the direction of the path of contact varies at each contact point along the curved lines of contact because the surfaces of action of the face gear are curved. Fig. 13 Lines of contact described with the tooth surface of gear at a certain rotational angle.
The projection drawing of the gear tooth surface in a plane is shown in Fig. 14 . The lines of contact are plotted at intervals of one pitch. The proposed hypoid gear can simultaneously mesh three or four teeth, as shown by the four lines of contact in Fig. 14 . Whereas, the lines of contact and paths of contact for the face gear are shown in Fig. 15 . The difference of the number of the line of contact between drive and coast sides are larger for the face gear than for the proposed hypoid gear.
The contact ratios of the proposed hypoid gear and the face gear are given in Table 3 . The contact ratios of the drive and coast sides are more similar to each other than are those of the face gear. This feature of the proposed hypoid gear could provide more similar meshing characteristics for drive and coast operations, as described in a previous study (Miyamura et.al, 2013) . Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) Fig. 15 The projection of the lines of contact and paths of contact for face gear. 
Numerical examination of influence on misalignment
The tooth flank error δLm can be calculated using Eq. (12) to clarify the influence of meshing in the plane of action. The error δLm is shown in Fig. 16 as contour lines with a light color for large value. The horizontal and vertical axes in Fig. 16 show the radial and profile positions of the gear tooth as is the case with Fig. 14 . The translational misalignments ∆E, ∆P, and ∆G never affect the tooth bearing of the proposed hypoid gear; this is also an advantage of using cylindrical involute gears. The rotational misalignments ∆Σ and ∆s cause tooth flank error. These misalignments can induce edge contact because of the incline of the tooth flank error in the direction of the face width, as shown in Fig. 16 . Figure 17 shows the influence of the amount of each type of misalignment on the total tooth flank error for both the proposed hypoid gear and the conventional face gear. The total tooth flank error is calculated by subtracting minimum error from maximum error. The translational misalignment ∆P is not described in Fig. 17 because it does not affect the tooth bearing of the face gear or the proposed hypoid gear. Although the translational misalignments ∆E and ∆G of the pinion offset and gear axis produce tooth flank error in the face gear, they have no influence on the proposed hypoid gear as shown in Fig. 17(a) .
The numerical results of translational misalignments are discussed in more detail. When ∆P, ∆E,or ∆G are given in Eq. (11) respectively, the tooth flank error δLm can be expressed by Eq. Suzuki, Tarutani and Aoyama, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) On the other hand, the amount of δLm for the face gear at each contact point differs because the normal direction of the face gear is not constant as shown in Fig. 9(a) . This leads the tooth flank error by ∆E and ∆G on the face gear. As the tooth flank error of the face gear is not influenced by ∆P, the right side of Eq. (13) for δLm ∆P also shows constant for the face gear. 12 Figure 16 shows that rotational misalignments ∆Σ and ∆s give inclined tooth flank errors. This result can be explained by Eq. (14) which shows the tooth flank error δLm lead by ∆Σ or ∆s. A point in which Eqs. (13) and (14) differ is that Eq. (14) consists of the tooth coordinates (u 2 , v 2 , z 2 ). Even though the normal directions are constant for the proposed hypoid gear, the tooth flank errors δLm ∆Σ and δLm ∆s can be affected by the changes of contact point (u 2 , v 2 , z 2 ). Thus, the tooth flank errors on the tooth are inclined in Fig. 16 .
The tooth flank error caused by rotational misalignment is lower for the proposed hypoid gear than for the conventional face gear as shown in Fig. 17(b) . The difference between the errors of the two gears is caused by their different surfaces of action. The plane of action for the proposed hypoid gear is advantageous because of the constant normal direction. For the design of some surface modifications, the characteristics of the proposed hypoid gear can reduce excessive crowning.
Conclusion
A hypoid gear that meshes in the plane of action was developed using a novel design procedure. In this procedure, the planes of action are defined first. Conjugate gear teeth are then obtained via coordinate transformations.
The approach has been verified through some numerical examples. The obtained numerical results demonstrate the hypoid gear meshing in the plane of action was available. The proposed hypoid gear has equal contact ratios for the drive and coast sides. Moreover, misalignments have less influence on the tooth flank error of the proposed hypoid gear than on that of a conventional face gear. These features need to be verified by experimental results in the future works.
